All Means Possible ?

The Problem:

You have two rods made of pure gold. Doesn’t everyone?

You want to cut one of the rods into two pieces, so that one of the resulting three pieces is exactly the average of the other two pieces.

Is this always possible?

You might like to try out some strategies on the following rods:

A
70cm and 30cm

B
50cm and 40cm

C
80cm and 40cm

Is there ever more than one way to solve the problem?

What initial lengths of rod make the division into three pieces most equal?

Solution:

Yes – it is always possible; sometimes uniquely, sometimes in two ways, and, in the special case where one rod is twice the length of the other, there are an infinite number of ways to solve the Problem… read on!

In the following, the lengths of the two rods are a and b, and a < b.

Furthermore, the average of the three rods must always be equal to 
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Case A
When a < (b:

We must cut rod b, since cutting rod a will result in two rods, both of which are too small to be the average. 

Let us call the length of the smaller of the two pieces k. 

The longer piece will then have length (b – k)

Furthermore, a cannot be the average of these two new rods, as their total will be equal to b, and we have assumed that a < (b…

i.e. a must be the smallest of the three rods, and k the average.

So, k = 
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The particular solution for the case given is then:

a=30cm, k=33(cm, (b-k) = 36(cm

Case B
(b < a < b:

We have a choice to make here. 

Either we proceed as previously, making rod a the shortest of the three rods, and cutting rod b so that k is the average length, or we cut rod a to make one very short piece and one average length piece…
If a is the shortest of the three lengths, and k the average, then
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and hence
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The particular solution for the case given is then:

a=40cm, k=30cm, (b-k) = 20cm

On the other hand, we can choose to cut rod a into two pieces – one of which will then be the smallest of the three final rods, and the other the average.

In this case, if one piece is of length k = 
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(a – k) = 
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We should check that the average of the shortest and the longest is indeed the middle one…
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Yes, that works alright!

In our particular case:

(a – k) = 10cm, k = 30cm, b = 50cm

Case C
a = (b:

In this special case, however we decide to cut rod b, rod a will always be the average of the two lengths resulting from the cut…

Since
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There are an infinite number of solutions in this case, a few of which are shown below for our particular values of a = 40cm,  b = 80cm:

a = 40cm, k =   1cm, (b – k) = 79cm

a = 40cm, k = 20cm, (b – k) = 60cm

a = 40cm, k = 40cm, (b – k) = 40cm *****

*****
This is the equitable outcome, only possible when a = (b, and rod b is then cut in half.
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