Brackets

Suppose we define a new “product” a*b of two numbers a and b as follows :

    a*b = ab2.

Notice that this product is not commutative: 



a*b b*a, in general, since ab2  ba2, in general; 

and also it is not associative :

That is, a*b*c has two meanings according to where we insert brackets:

(a*b)*c = (ab2)*c = ab2c2, whereas a*(b*c) = a*(bc2) = a(bc2)2 = ab2c4.

The Problem :

How many possible meanings does 
“  a  *b  *c * d * e “
have?



That is, in how many ways can we insert brackets ?

Solution :

As in the question, a*b*c has 2 possible meanings.

Now, 

a * b * c * d   can mean :


(a * b * c) * d   
or
(a * b) * (c * d)
or 
 a * (b * c * d)  

So with four symbols the number of possible meanings is 2 + 1 + 2 = 5.

With five symbols, a*b*c*d*e could mean (a*b*c*d)*e or (a*b*c)*(d*e) or (a*b)*(c*d*e) or a*(b*c*d*e), and from the previous cases, the number of possible meanings is thus 5 + 2 + 2 + 5 = 14.

This question is really just about an arbitrary non-associative binary operation *, and the particular formula chosen for it (a*b = ab2) is to some extent irrelevant. But for completeness, here is a list of all the possible bracketings of five symbols, with their interpretations:

1. (((a*b)*c)*d)*e = ab2c2d2e2.

2. ((a*(b*c))*d)*e = ab2c4d2e2.

3. ((a*b)*(c*d))*e = ab2c2d4e2.

4. (a*((b*c)*d))*e = ab2c4d4e2.

5. (a*(b*(c*d)))*e = ab2c4d8e2.

6. ((a*b)*c)*(d*e) = ab2c2d2e4.

7. (a*(b*c))*(d*e) = ab2c4d2e4.

8. (a*b)*((c*d)*e) = ab2c2d4e4.

9. (a*b)*(c*(d*e)) = ab2c2d4e8.

10. a*(((b*c)*d)*e) = ab2c4d4e4.

11. a*((b*(c*d))*e) = ab2c4d8e4.

12. a*((b*c)*(d*e)) = ab2c4d4e8.

13. a*(b*((c*d)*e) = ab2c4d8e8.

14. a*(b*(c*(d*e))) = ab2c4d8e16.

To deal with the general case (n symbols bracketed) it helps to write the “product” a*b as [ab, using only a left bracket. 

Thus a*(b*c) would be written [a[bc, and (a*b)*c would be written [[abc. 

In fact, the letters a, b, ¼ are just place-holders, so the two products of three symbols can be notated as [·[·· and [[···. 

For a product of n symbols, we must arrange 2n - 1 items (n ·’s and n - 1 [’s) in a row so that it makes sense as a product.

 (With three symbols, it is no good writing ·[·[·, for instance.)

It is not hard to show that, if the 2n – 1 items are arranged arbitrarily around a circle, then there is exactly one place where the circle can be cut so that the resulting string of symbols makes sense as a product. (There is bound to be a sequence [·· somewhere on the circle, so replace this by · and use induction.) 

So the answer is the number of ways of arranging 2n - 1 items, of which n are the same and the other n - 1 are the same, around a circle, that is, ( 2n - 2 )! / ( n! ( n - 1 )! ). As a check, for n = 5 this gives 8! / ( 5! 4! )  = 14, again.
