Christmas Partridges
The Problem :
How many presents did my true love send to me, according to the Christmas song?

(N.B. A partridge in a pear tree counts as one present, nice though the tree is )
Solution :
 The boring solution is simply to add up the numbers: 

1 + (1 + 2) + (1 + 2 + 3) + (1 + 2 + 3 + 4) + (1 + 2 + 3 + 4 + 5)

+ (1 + 2 + 3 + 4 + 5 + 6) + (1 + 2 + 3 + 4 + 5 + 6 + 7) + (1 + 2 + 3 + 4 + 5 + 6 + 7 + 8) 

+ (1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9) + (1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10) 

+ (1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + 11) 

+ (1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + 11 + 12)

= 1 + 3 + 6 + 10 + 15 + 21 + 28 + 36 + 45 + 55 + 66 + 78 = 364.

Alternatively, re-group the numbers and notice that the answer is

12  1 + 11  2 + 10  3 + 9  4 + 8  5 + 7  6 
+ 6  7 + 5  8 + 4  9 + 3  10 + 2  11 + 1  12

= 2  (12 + 22 + 30 + 36 + 40 + 42) = 364.

Again, if we know the formulae 

1 + 2 + 3 +  + r = r(r + 1)/2

12 + 22 + 32 +  + r2 = r(r + 1)(2r + 1)/6

then for n days we must sum r(r + 1)/2 from r = 1 to r = n, which gives

n ( n + 1 )( 2n + 1 ) / 12  + n ( n + 1 ) / 4  =  n ( n + 1 )( n + 2 ) / 6 

With n = 12, we get 364 again.

Notice from this last solution that the answer is in fact 14C3. 

This can be shown directly, which gives the nicest method of all. 

Label each present by a triple (a, b, c), standing for the ath of present b received on day c. 

So, for example, (3, 5, 8) stands for the 3rd of the 5 gold rings received on the 8th day of Christmas. 

So we must count the triples of integers a, b, c with 1  a  b  c  12. But this is equivalent to 

1  a < b1 < c1  14, where b1 = b + 1 and c1 = c + 2,

and thus the number in question is 14C3 = 364.

NB 
A similar technique can be used to sum 1 + 2 + 3 +  + n. 


Rewrite this as

1 + (1 + 1) + (1 + 1 + 1 ) +  , and denote by (a, b) the ath 1 in the bth bracket.

So we must count the pairs of integers (a, b) with 1  a  b  n, or 1  a < b + 1  n + 1

so the answer is n+1C2  .

