Diophantine Pairs

Once upon a time, there was a chap called Diophantus (250 A.D.), who was interested in the problem of solving equations which had a whole range of possible answers.

It sounds as if this would make the Problem easier, not harder, but the real Problem wasn’t finding an answer, but deciding how many answers there were altogether.

We now use his name to describe any equations whose (multiple) solutions have to be Integers.

The Problem:
Solve these Diophantine equations, where x and y must be positive Integers.

1.
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(Not many answers…)

2.
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(Lots of answers e.g. x = 48, y = 9 

- find as many as you can)

Hint:

Multiply by the common denominators to get rid of the fractions, then get an expression for y in terms of x or vice-versa.

The Solutions:
1.
We can start, as Diophantus used to, by finding a ‘particular solution’, then working ‘outwards’ from there. Thus x = 0 is often a good place to start, as we often tell our students. (We can always cross this off later, as x > 0 in this particular case)

Multiplying out the fractions gives an expression for y in terms of x:

3x + 4y = 48

and hence
4y = 3 (16 – x)

x = 0 gives y = 12

Since we need y to be an Integer, we have to keep (16 – x) a multiple of 4, so we can safely divide by the 4 later.

i.e. increase the value of x in increments of 4…

In a table, we soon have:

	x
	y

	0
	12

	4
	9

	8
	6

	12
	3

	16
	0


So, crossing off the first and last pairs, as we required positive integers only, we find we have only 3 pairs of solutions – (4, 9), (8, 6), (12, 3)

We can confirm this by drawing the graph of 
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, or 3x + 4y = 48, and examining ‘lattice point’ (integer) solutions:
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The main difficulty with Diophantine equations is the specific nature of each type, making generalising harder than in the equations we tend to deal with nowadays…

So the second equation is substantially harder, but multiplying out the fractions, and examination of the resulting expression linking x and y is still a useful approach.

2.

Multiply all through by 4xy:
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becomes
 16y + 12x = xy

Gather like terms and factorise, to get an expression for x in terms of y:

16y = xy – 12x = x (y –12)
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We could equally have done the same, but got an expression for y in terms of x:

12x = xy – 16x
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Either way, we can now try Integer values of one, and pick out the Integer solutions for the other…

This time, the first feasible value for x is 17, and the first for y is 13, looking at the denominators of the fractions in the two expressions…

I used both of the above rearrangements to produce the list below:

	x
	y

	17
	204

	18
	108

	19
	76

	20
	60

	22
	44

	24
	36

	28
	28

	32
	24

	40
	20

	48
	18

	64
	16

	80
	15

	112
	14

	208
	13


NB

An Excel spreadsheet with the following ‘conditional’ statement only shows the Integer values for y calculated from the x-formula above:

=If(Int(12*A3/(A3-16))–(12*A3/(A3-16)=0, 12*A3/(A3-16), “ “)
  where the x value is in A3.
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