Factor Squares

The Problem:

If you double 6, then double again, and again…how often will you get a square number?

6
12
24
48
96
….
etc

What happens if you start with 18 instead?

Can you find some numbers you can start with, and some you definitely can’t start with?

The Solution:

This sequence will never produce a square number.

Starting with 18 will produce a square number every second term.
All to do with Prime Factors, of course…

Any square number is revealed when you express it as the product of its Prime Factors.

It can be split into two equal groups, each producing the square root of the original number.

So, 842 = 7056, and 7056 = 2x2x2x2x3x3x7x7 = (2x2x3x7) x (2x2x3x7) = 842

Since 6 = 2 x 3, any amount of doubling will only produce more factors of 2, and the factor of 3 will always be on its own. 

Hence the numbers in the ensuing sequence can never be split into two equal groups of Prime Factors, and will never be a square number.

Starting with 18 = 3x3x2, however, you can immediately see that the ‘non-2’ Prime Factors already form a pair, so successive doubling will produce:

3x3x2x2,     3x3x2x2x2,
3x3x2x2x2x2
,    3x3x2x2x2x2x2,  3x3x2x2x2x2x2x2..

Firstly, 
3x3x2x2 = 36 = 62 

Then, 

3x3x2x2x2 = 72

Next, 

3x3x2x2x2x2 = 144 = 122

And so on, the Prime Factors splitting into two equal groups, or not, alternately.

Any square number will produce alternately further square numbers when doubled successively, or indeed when multiplied successively by any whole number.

Further, any number composed of even quantities of each of its Prime Factors, bar one, can be made into such a sequence by choosing to multiply successively by that ‘lone’ Factor.

Eg
980 = 2x2x7x7x5
will produce a satisfactory ‘square’ sequence when multiplied successively by 5.

