Hero Triangles  
The Background:

Hero’s formula for the area of any triangle with sides a, b, c  is  


    A  =
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,
 where s is the semi-perimeter     (a + b + c)
 If a, b, c and A are all whole numbers, we call the triangle a Hero Triangle.  

We shall also refer to a right-angled triangle  whose sides are all whole numbers as a Pythagoras Triangle.

Why is it obvious that all Pythagoras triangles are Hero triangles?  (Think ‘Area?’)
Let’s take the Pythagoras triangles (3,4,5) and (8,15,17), and enlarge the first to (6,8,10). Now we can place them together, using the common height 8 to form two Hero triangles:
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 which give Hero triangles (10,17,21) and (10,17, 9).  Check their areas by the formula and by using the areas of the two Pythagoras triangles. 
There will of course be isosceles Hero triangles, made from two congruent Pythagoras triangles, such as (5,5,6) and (5,5,8).  Again, check their areas by the formula.
 The Problem : 
A
Produce at least a dozen Hero triangles by this method. You will probably find it helpful to have a list of ‘Pythagoras’ triangles at the ready..Check the Hero’s areas.
 B
Some Hero triangles are given below. Can you split them each up into the two original Pythagoras triangles that were put together to make them ? 
Some simple Hero Triangles 
  Isosceles:

5,5,6

5,5,8

17,17,16

17,17,30



25,25,14
65,65,120
 Scalene:

13,15,14
13,15,4
10,17,21
10,17,9




13,20,21
17,25,12
29,25,36

Proof of Hero’s formula
Note that since cos C =
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        and    1 – cos C = 
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Multiplying these together: 
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and hence D = ½ ab sin C  = 
[image: image12.wmf])

)(

)(

(

c

s

b

s

a

s

s

-

-

-

.

Solutions:
The first batch are deliberately simple to identify…

a)
5,5,6

~
3,4,5 

sharing the 4 side

b)
5,5,8

~
3,4,5 

sharing the 3 side

c)
17,17,16
~
8,15,17 
sharing the 15 side

d)
17,17,30
~
8,15,17 
sharing the 8 side

e)
25,25,14
~
7,24,25
sharing the 24 side

f)
65,65,120
~
25,60,65  (5,12,13 x by factor 5), sharing the 25 side
The second batch require you to find two different Pythagoras triangles with a matching ‘shorter’ side. A list of Pythagorean triples would be useful (see Adrian Jenkins’ excellent The Number File from Tarquin Publications)

This matching side disappears from the final Hero triangle, leaving the two original hypotenuses and the sum/difference of the remaining two ‘shorter’ sides.

The diagrams show the construction in each case:
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