How much should I pay to play?
If your chance of winning £100 in a game is 0.05, a fair price for playing is 0.05 x £100 = £5

Similarly, if you win £50 for a head and lose £40 for a tail. the fair price would be 



½  x £50 - ½  x £40  =  £5.

The Problems :

1.  
What should you pay to play a game where you win £10 for every spot showing when a die is thrown once?

2. 
What should you pay to play a game where you win £10 for every spot showing when two dice are thrown once?

This game is supposed to have been played at St Petersburg:

A coin is tossed until a head appears.  If it appears on the first toss, you win £1.  If it first appears on the second toss, you win £2.  If it appears for the first time on the third toss, you win £4, and so on, doubling each time.

3.
(a)
What is the probability that you will win exactly £32?  That you will win more than £32?  That you will win less than £32?

(b)  
If the game stops after 10 throws, what would be a fair price to pay?

(c) 
If it is to go on, regardless of how long the game takes, what would be a fair price to pay?  How can you explain the answer you get?

(d) 
 If the rules are changed so that the Bank will not pay if the winning total is more than £1,000,000, what is a fair price to pay?

Solutions:

1.
£10 × (1/6 × 1 + 1/6 × 2 + 1/6 × 3 + 1/6 × 4 + 1/6 × 5 + 1/6 × 6)  =  £35
2.
£10 × (1/36 × 2 + 2/36 × 3 + 3/36  × 4 + ... + 6/36 × 7 + 5/36 × 8 + ... + 1/36 × 
12) 
=   £70, but the answer can more easily be deduced from 1.

3.
(a) 
 TTTTTH has probability 1/64;  the probability of winning less than £32 is 31/32, seen by adding (1/2 + 1/4 + 1/8 + 1/16 + 1/32);  the probability of winning more than 
£32  is  1/64.

(b) (1/2 × £1 + 1/4 × £2 + 1/8 × £4 + ... + 1/1024 × £2048) = £5.

(c)
 ½ + ½ + ½ + ½ + ..., which is infinite.  This is because it assumes that the Bank can meet any winning claim, while there is no limit on the amount that could in fact be demanded.

(d)  
(1/2 × £1 + 1/4 × £2 + ... + 1/1048576 × £524288) = £10.

This well-known problem is loosely called "The St Petersburg Paradox".

