L-Shape Halves
To make an ‘L-shape’, you generally cut a rectangular piece out of one corner of a larger rectangle. The problem of cutting this remaining shape into 2 equal halves is an interesting one, that also solves the problem of how to balance a piece of card of this shape, either on the edge of a desk or on a pencil point ...

This Problem goes beyond that and asks whether it is possible to divide both the L-shape itself and the corner piece removed with a single cut. Read on ...

The Problems :
A
The diagram below shows an L-shaped piece of card. (The shaded part has 
been removed from the original larger rectangle)



Can you find a straight cut that divides the L-shape into 2 halves of equal area?

Are there other ways to do this? How many?

B
There are clearly lots of ways to cut Area A into equal halves, but can you find a single (straight) line to cut both the corner piece and the L-shape into equal pieces at the same time ?

(Hint : If you divide A in two, and ( A + B ) in two, you must have divided B in two as well)

C
Now try your hand at these L-shapes ... 



D
If you’ve found a technique for cutting both the L-shapes and their missing corners in two with the same single cut, then you can probably see a way to solve the same problem for these 2 shapes - even though they look so much harder !



Solutions :
A
There are many ways (an infinite number!) to produce a ‘right-hand’ half of A which has area 15.5, as required.


As long as 
 ½ ( x + y ) . 5 = 15.5


ie  
x + y = 6.2

then we can have a nice easy trapezium that fits the bill. 

There are lots of other ways, of course. A few are shown below:



B
The interesting part begins ...


If we can find a line that divides the original rectangle in two and divides the missing ‘cut-out’ rectangle in two, then it must also divide the remaining L-shape in two.

Any line that cuts a rectangle in two must pass through its centre. 

So we require a line that passes through the centre of the ‘missing’ corner rectangle and through the centre of the original rectangle ...

There is only one such line !

C
Use the same technique

D
None of the above argument mentions the fact that the ‘cut-out’ rectangle needs to be in the corner... so the same technique works for both the diagrams in D, and for any composite shape that involves taking a rectangular piece off - or adding a rectangular piece onto - another rectangle. 

So the shape below can be cut in half using exactly the same approach. The generality is lovely! It even extends, perhaps obviously, to any rectangular/circular/elliptical hole removed from any rectangle/circle/ellipse.



Lastly, if you want to find the exact point of balance (the ‘centroid’ or ‘centre of gravity’) of the L-shape, you need only apply the same argument twice, and this leads to a nice, final result.

So far, we have argued that the ‘balancing’ line that joins the centres of the ‘whole’ rectangle to the centre of the ‘missing’ rectangle will therefore divide the whole L-shape into two equal area halves. (the ‘A – B’ argument)

Similarly, we could have thought of the L-shape as composed of two rectangles added together. This could have been A and B, or C and D:
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Accordingly, the ‘balancing line’ for the L-shape will be the same line that divides each of these component rectangles into two (lines through their centres).

Hence, the centroid of the L-shape will lie at the intersection of these two lines, since the L-shape is balanced in all possible positions, at the ‘centroid’.

e.g. 

Centres of A and B joined:

Centres of C and D joined:
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Centroid at intersection of these two lines

But this point must also lie on the ‘balancing line’ that we had discovered earlier…

So all these lines pass through the same unique point.
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