Perfect Cubes


The Problem: 


Can you find a whole number n, so that both n + 3 and n2 + 3 are perfect cubes?

e.g.

If n = 24, n + 3 = 27, which is equal to 33.

However,
n2 + 3 = 242 + 3 = 579, which is between 63 and 73.

If you can’t find a suitable value of n, can you prove that it’s an impossible search?


Hint:


If n + 3 and n2 + 3 are both perfect cubes, then their product should also be a perfect cube.

Try multiplying these two terms, and considering the answer.

Solution: 

The search is (predictably!) a fruitless one…

Multiplying out brackets shows us that:

(n + 3)( n2 + 3) = n3 + 3n2 + 3n + 9 = (n + 1)3 + 8. 

The only way this could be a perfect cube is if it differed by 8 from some other perfect cube.

The only perfect cubes that differ by 8 are ((-2)3, 03) and (03, 23).


However, 
(n +1)3 + 8 = 03 

yields n = -3,

and 

(n +1)3 + 8 = 23 

yields n = -1.


For neither of these solutions are both n + 3 and n2 + 3 perfect cubes. 

Therefore, if n is an integer, n + 3 and n2 + 3 cannot both be perfect cubes.
