Shortest Half

The Problem:

Given a circle, what would be the shortest line you could use to divide it into two equal areas?

What would you do to divide a square into two equal areas? Or a rectangle?

Now, what is the shortest line to divide an equilateral triangle into two equal areas?

There is some choice here, so think about it for more than a second!

Hint:

Put six triangles together to form a hexagon, then consider the problem again….

Solution:

The solutions for the first three shapes are obvious enough – straight lines, through their centres, connecting nearest points on the sides, where relevant.
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The Equilateral triangle problem, however, poses more choice.

The obvious solution is a median, or line of symmetry.

Taking the dimensions of the original triangle as unity, and, using Pythagoras, the length of this line is 
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However, there is a better solution using a line parallel to a side (viz. ED):

The length of this line can be calculated by considering the similar triangles formed.

(ADE is similar to (ABC, and the ‘area factor’ is 
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Hence the scale factor is 
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and ED ( 0.7071 x CB ( 0.7071
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But, there is an even better solution using an arc of a circle:

This is made clear when the suggested hint of putting six triangles together to form a hexagon is tried.

The problem is then to form an area within the hexagon that is exactly half of the original hexagon, and we know that the most efficient perimeter for such a shape is a circle…

Hence the original triangle has had its area halved by the ‘heavy’ circular arc shown.

Its length is one-sixth of the circle’s perimeter, and the calculation follows:
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This value comes out at about 0.6734

Further Note:

Since many sizes of isosceles triangle (e.g. with ‘top’ angle 1200, 900, 720, 600, …
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) can be put together to form a regular polygon, the above approach guarantees the existence of such an arc (but not necessarily its optimality) in such cases. In fact, calculation shows that the ‘arc’ solution for an Isosceles triangle is the shortest solution whenever the ‘top’ angle is less than 70.50, but is always better than the parallel-to-the-base ‘transversal’.

For more general triangles, the situation is similar, but obviously depends on the exact side ratios.

(Which means that I haven’t had the courage to pursue the general solution…!) 
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