Swap It and See

Which do you think is the larger?:
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The Problems:
A
Choose any two numbers that add to 1.

Be as clever or simple as you like.

Now square one of these numbers, and add the result to the other number.

Write down your answer.

Swap the numbers around – squaring the second number and adding the result to the first number.

What do you think of that, then? Try it with two other numbers that add up to 1. Go clever.

B

Now think of two numbers that add to 10 – any two numbers, mind.

Square the first number, and add the result to 10 times the second number.

Repeat this with the two numbers swapped around.

Try a few other, let’s-make-really-sure-of-this sorts of numbers (e.g. 2.8457239 and 7.1542761), and check that the rule really works…

C

See if you can generalise from this last ‘trick’, and make up another rule about two numbers adding up to some total.

Can you think of a way to explain what’s happening here?

The diagram below might help with the very first result – for numbers adding to 1.
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The Solutions:
Yes – as you have surmised:
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for any value of a.

Negative, fractional, decimal etc makes no difference for an algebraic Identity like this one.

(-4)2 + 5 = 52 + (-4) = 21, for example.

Finding alternative ways to show this identity could include the square diagrams shown above or a graphic explanation as below.

The function   f(a) = a2 + 1 – a   can be written as   f(a) = 1 – [ a(1 – a) ],

which implies that it will have equal values when a is measured from zero or from 1, since it is the size of the product a . (1 – a) that matters.

i.e. there will be symmetry about the line a = 0.5 … and f(1 – a) = f(a):
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Similarly, if we consider numbers adding to 10, then  
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, for any value of a.

In fact, again, g(a) = a2 + 10(10 – a) can be written as   g(a) = 100 – [ a(10 – a) ],

which gives equal values whether a is measured from zero or from 10.

The function is symmetrical in the line a = 5:
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The ‘areas’ diagram will look like this for numbers adding to 10:
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The General result is simply that: 
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