The Out-Of-Town Store

The Problem:

There are three neighbouring towns, each with large numbers of potential high-speed-Internet-access customers. A certain Internet service provider wishes to position its new hardware centre somewhere between these towns. This involves laying, at great expense, its own optical cable from each of these three towns to the new centre. Understandably, the company wishes to minimise the total length of the three cables it has to lay.

Draw a decent-sized map of your own, showing three towns (usually called something like Ayton, Beeton and Seaton…), and try to find the best position for the centre.

Hint:

Minimum surfaces always meet at 1200 when three meet at a point, so maybe minimum connectors do too…

Possible Solutions:

Let’s call the three towns A, B and C.

We are looking for a point (call it Q) within the triangle formed by the three towns, such that the sum of distances (QA + QB + QC) is a minimum.
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This is the ‘Fermat’ point of the triangle, and can be found in several ways.

A

By experiment !

Draw the three points A, B and C on a sheet of card.

Make holes at the points.

Hang equal weights from three lengths of string passing up through the holes and tied at a common knot above the card.

[image: image2.png]



When allowed to move freely, the knot will move to the Fermat point, and the strings will make equal angles (1200) with each other, as you might expect from the ‘triangle of forces’…
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The analogy with minimum surfaces in 3 dimensions (e.g. soap films) meeting at 1200 leads us to look for a construction that will find the point (Q) such that the angles between QA, QB and QC are all equal to 1200 .

A nice trick to construct an angle, AQC = 1200, is to put it opposite another angle  ARC of 600 in a cyclic quadrilateral AQCR…

[image: image3.png]


So:

An equilateral triangle formed on AC produces point R, 

with  ARC = 600.

Then draw a circle through A,C and R (it’s easy to find the centre!)

The required point, Q, could now be anywhere on this circle, opposite point R, since we know that opposite angles of a cyclic quadrilateral add up to 1800, and we already have  ARC = 600.

Hence an angle of 1200 is ensured at point Q, wherever it may be.

Now repeat the process on AB (or BC), giving two circles that intersect at a unique point (shown above).

We now have AQC = BQA = CQB = 1200, as required.

C
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The same result is obtained much more simply if we join R to B and S to C, these lines intersecting at 1200 again. (see below)

 SAC is congruent to  BAR, following a rotation of 600  about A.

Hence the angle between SC and BR is 600, and 

CQB = 1200

The same reasoning gives the same angle between AQ and QB also.

Incidentally, this construction shows CS to be equal to BR – rather unexpected ?

This point Q minimises the total length of the connecting line segments from A, B and C, and therefore gives the best position for the Internet centre, with its expensive optical cable routes to the three neighbouring towns.

An example is offered below, with reasonably nice lengths…

Make AB =15cm, BC = 9cm and CA =10.5cm.

Then the point Q is such that QA = 9.4cm, QB = 7.9cm and QC = 1.9cm, 

giving a minimum total length of 19.2cm

I fiddled about with Geometer’s SketchPad to produce this example – is there a nice relationship that I don’t know about ?!

