Triangle in a Square

The Problem:

Can you draw an equilateral triangle to fit snugly inside a square, so that each of its three vertices touches one of the sides of the square?

Is there only one such triangle?

If not, what is the smallest and biggest equilateral triangle you can draw to fit snugly within a square?

Hint:

Try rotating the square by 600, around some point on a side…

Solution:

There is actually a range of possible triangles, all fairly similar in size…and this exercise is ideal for exploration with a Dynamic Geometric package.

A nice way to find one is to use this very simple method, seen in Holland recently:
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First, rotate the square 600 about some arbitrary point on one of its sides – here O.

The point P is where the original side BC is cut by the new side A’B’

This point P (on A’B’) must correspond to an original point, here Q, on AB, after a rotation of 600, about O. 

We can find Q using a compass, with radius OP.
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Hence, OQ = OP, and angle QOP = 600.

Thus (QOP is isosceles, with angles 600, 600 and 600 – i.e. equilateral, as required!
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There was nothing special about the point O that we took as the centre for rotation.

Let’s see what happens as we move O around on side CD.

Firstly, we’ll move it further down:

This gives a symmetrically placed triangle with edge length the same as the original square.
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As we move O further down side CD, P moves left and Q moves up, until:

Another symmetrical position, but this time with a larger side length.

We can’t move O any further down, so let’s move it further up…until:
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Point P coincides with vertex A’, and we have another large, symmetrically placed triangle.
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As we continue to move O up side CD, the intersection of sides occurs between BC and D’A’:
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Until, once again, we get the smaller symmetrical triangle with side length equal to that of the square:
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And finally, again, the larger triangle:

The symmetrical positions give the smallest and largest triangles:

x = ‘1’ 


for the triangle with side parallel to the square side, while 

x = 1 ( cos 150 (  1.035276 
for the triangles with vertex at a square vertex.

