What was the Fraction?

The Problem :
We are considering fractions (in their lowest terms) which are divided on a calculator to give a decimal, which will usually be rounded.  

How quickly can you find out what the original fraction was, given the decimal?

1. (a)  0.28;  (b)  0.352;  (c)  0.01625.

2.  (a)  0.4545454545;  (b)  0.1621621622;  (c)  0.3846153846.

3.  (a)  0.1764795882;  (b)  0.2894736842;  (c)  0.8139534884.

There are four basic methods you can try, of which the last will always give an answer in due course.
Hints :
Hint 1:  If the decimal terminates, write it as   x / 10n   and remove factors, which will

 always be either 2's or 5's.

Hint 2:  If the decimal recurs, write it as   x / 99...9,   where  x  is the recurring section,

 and remove factors.

Hint 3:  In any case, it may be quicker to find the reciprocal  (  x -1 or 1/x  ) and to subtract 
the whole number, which may give you an easier problem.  You can often repeat 
this step to make the problem simpler still.

Hint 4:  Use the fact that (a + c) / (b + d) always lies between a / b and c / d.  It is often

 useful to start with a = c = 1.  Repeating this step will always lead in the end to

 the smallest pair of numbers possible.  

Note:  It is always possible to assume that the decimal terminates with the last digit 
written, but there is very often a much better solution.
Solutions :

1.  (a)  28 / 100 = 7 / 25..  (b)  352 / 1000 = 44 / 125 (halving repeatedly).

     (c)  1625 / 10000 =  13 / 800 (doubling and dividing by 10 repeatedly).

2.  (a)  45 / 99 = 5 / 11.  (b)  162 / 999 = 6 / 37. (the factors of 999 are 3,3,3,37).

     (c)  384615 / 999999 = 42735 / 111111 = 3885 / 10101 = 5 / 13.  (The factors of      

     
10101 are 3,7,13,37.  In this case, x -1  is much quicker!).

3. 

(a)  Decimal is between 1 / 5 and 1 / 6;  2 / 11 and 1 / 6;  3 / 17 is right.  (Again,   x -1  is quicker.)

(b)  1 / 3 and 1 / 4;  1 / 3 and 2 / 7;  2 / 7 and 5 / 17;  2 / 7 and 7 / 24; 


 2 / 7 and 9 / 31;  11 / 38 is right.   (Again,  x -1  is quicker.)

 (c)  In this case, lay out as below: larger number above, unnecessary number bracketed.

 1st guess

 1/1      1/1     1/1    (1/1)   (5/6)    4/11   (9/11)   22/27

 Improved guess 
 2/3      3/4     4/5     5/6     9/11    13/16  22/27   35/43

  2nd guess

(1/2)   (2/3)  (3/4)    4/5     4/5      (4/5)   13/16   13/16 

The reciprocal method leads approximately to :


1 / ( 1 + 1 / ( 4 + 1 / ( 2 + 1 / ( 1 + 1 / 2 ) ) ) ) , which also gives 35 / 43.
