The Athletics Track

Problems :
A 
If each straight and each bend is to have an inner length of 100 metres, then how long and how wide should the ' field ' area be ?
B 
The 200 m has to have a set of 'staggered' starts, so that those running in the outer lanes end up running the same distance as those in the inner lane. 
By how much should each lane be set forward of the lane inside it ? 
You will need to decide how wide each lane should be, first… 

C 
The 'staggers' for the 400 m will need to take account of having to run both bends ... 

If we relax the condition that the 2 straights must both be of equal length to the 2 bends, then a wide range of shapes become possible, all with a total circuit length of 400m... 

D 
Which designs ( as represented by their bend radius ) maximise / minimise the enclosed areas of 'field' ?
E 
What effect does the radius chosen have on the area of track itself ?
Solutions:
A 
Width ( Diameter ) of track = 200 ÷ pi 
=  63.66 m

Total Length of  field = 100+63.66
= 163.66 m
B 
The staggers for the 200 metres are all of length 3.14 metres. 
C 
The staggers for the 400 metres are all of length 6.28 metres. 
D 
Maximum Area of Field is when track is a circle ; 

Area = pi x 63.66² = 12 732 m² 
Minimum Area of Field is when track has zero Area contained within. 
E 
Area of Track = 3401.1 m² for lane widths of 1 metre, independent of length of Straights / Bends.


Simply multiply this by ‘d’ for tracks of width ‘d’

Teaching Notes:
Algebraic approach :
A
Since we need  x d ÷ 2  = 100,  d = 200 /  63.66 metres
[
Spreadsheet approach :

]
Start off with a ‘filled’ range of values for the Diameter of the bends

( from  50  to 100 , in steps of  5  would seem a reasonable start )

Then make a new column for Circumference of the whole Circle, using the first column. Most spreadsheets have an ‘ @PI ’ function that gives the required value accurately, when used in a formula such as   “ =  @PI * 3C   “. Highlight, Right click and Copy Down quickly fills this column.

Next a column for Perimeter of a Single Bend, being half the previous column “ = 3D/2 “

Students are trying to find a value for Diameter that gives 100 as the answer to Single Bend. The answer is 200 ÷  63.66 (2 dp)

The nice thing about setting up the spreadsheet with a ‘filled’ range to start with is that all they have to do now is to go back and adjust the settings for Start , Step and End, and the rest of the spreadsheet behaves just the same with these ( more accurate ) inputs.

B

Calling the length and width of the rectangular ‘ field ‘ area   L  and   W , 

we have  L  =  100 m , and    x W = 200 m ...

If we take the width of each lane to be 1m , then the diameter of the bends will increase by 2m for each consecutive lane, and hence the length of each semi-circular bend will increase by ( x 2 ) ÷ 2 =  metres . This is the extra distance that the ‘stagger’ is designed to make up for.

If the width of the lanes is  d  m , instead of simply 1 m, then the increased distance, and hence stagger required, will be 
( x 2 d  ) ÷ 2 =  d metres

C 

For the 400m , the stagger will clearly be double this distance.

D
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If you change the length of the straights, but keep the overall distance round the inner lane as 400 m, the shape - and area - of the inside changes too. 

· What design gives the greatest area inside ? 

· Does this feel a sensible result ? 

· What design gives the least area inside ? 

· Does this feel a sensible result ? 

The greatest area is when we make the track wholly circular, whereupon 
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The least area is when, conversely, we make the track as linear as possible, with the ‘inner’ runners running a full 200m along a straight, and then turning around at the end and running back again. The 'Area' in this case is zero! The question of suitable 'staggers' and how much advantage the outer runners gain by having a nice smooth corner rather than a discontinuous turn-around is one for debate! 

Spreadsheet approach :
Possible Spreadsheet column headings might be :

Length of Straight

Total Length of Straights        Total Length of Bends

Diameter of Bends    
Area of Inner Rectangle

Area of Ends (circle)

Total Area

Take ‘Straights’ from 0 to 200…

E 

If we take the width of the Inner rectangular region to be W (= 2r) and the length L, and each lane to be of width d metres, 

Clearly,  2L + W =  400

then 
W = ( 400 - 2 L ) /  

or
 L = ( 400 - W ) / 2 

Inner Area =  
L * W               + 
(*R² )               

Outer Area =
 L * (W + 16d ) + ( *( R + 8d )² ) ... 

· Net Area of Track 
= difference = L * 16d +  *(( R + 8d)² - R² ) 

= 3200 d + 64* *d² 

(Check this yourself!)

The final result - that the area of actual track is dependent only on the fact of it being 400 m in total length and of lane width d, and is independent of the radius of the bends - is quite surprising. It's rather nice to consider that, if the cost of the 'tartan' is a main consideration, then it makes no difference what shape you make it . ( Is this still true for rectangular tracks ?! ) The analogy of a 'squishy' doughnut might help ! 
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