Average Speeds

The Problem:

On a journey through towns and country, a driver averages a speed of 18 mph for the 7 miles of town driving, and 36 mph for the 14 miles of country driving.

What is her average speed for the complete journey ?

(Harder)

On a faster stretch of road, the motorist averages 80 km/hr for 12 km, then 120 km/hr for 12 km. What is her overall average speed for this stretch ? 

Notes :

This problem is suitable for students who already know the normal approach to speed/time problems, for whom this ‘special case’ will give pleasure, rather than lead them into a simplistic view that average always means ‘add and divide by two’ !

The normal approach will involve finding the total distance (not hard !), and dividing by the total time taken (rather more complicated, but easily findable with a calculator).

Using fractions is, of course, the old-fashioned and accurate, method.

However, the fact that one speed is exactly double the other, as is the corresponding distance, shortens the working considerably !

If students round up their times at all, they may well miss the very simple exact answer…

Solutions :

A

Since the driver drives double the distance in the country than in town, at double the speed, then she spends equal times at the two different speeds.

Hence the average of the two speeds is simply the straight arithmetical average :

(18 + 36) ÷ 2 = 27 mph

B

This time, the distances are the same, so the times spent on the two sections will be in the ratio  80 : 120  or 2 : 3, spending more time at the lower speed.

Hence, the average speed will be between 80 km/hr and 120 km/hr, but closer to 80 km/hr, and dividing the gap between 80 and 120 in the ratio  2 : 3 …

i.e. 96 km/hr

( The idea of a ‘weighted’ average can be introduced here, of course.

2/5 (120) + 3/5 (80) = 96 )

Extensions :

To retain the prettiness of this special case solution, the speeds and the corresponding distances should be in proportion to each other, but more than two different speeds may be incorporated.

Eg
15 mph for 12 miles, 20 mph for 16 miles and 35 mph for 28 miles gives an average of :




(15 + 20 + 35) ÷ 3 = 23 mph !

Easy to make up, but harder to solve – if using the ‘normal’ method !

And, finally, a less obviously special case of the ‘weighted average’ approach :

29 km/h for 17 km followed by 116 km/h for 34 km … ( half  the time spent at the higher speed )

gives a weighted average of   ( (2 x  29) + (1 x 116) ) ÷ 3 = 58 km/h

