Construct-A-Root

The Problem:

Historically, it has always fascinated mathematicians to find ways to draw lines of lengths that they knew were impossible to actually measure exactly…

For example, the diagonal of a ‘unit’ square was known to have exact length 
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, even though it was impossible to actually check this, by measuring exactly or using fractions (or, more recently, decimals).

As an example of the method, here are two easy ways to construct 
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 exactly, using only ruler and compasses:



Both of these constructions depend on Pythagoras’ Theorem.

Can you work out how to construct  
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 in two different ways?

What’s the first square root you think you can construct in three different ways?!

Hint:

Look at sums and differences of squares…

Solution:

A list of odd and even square numbers will help students search for sums or differences of pairs of squares that equal 29. 

Then the construction depends on a right-angled triangle with the contributing lengths either being the two shorter sides (to find the sum), or the hypotenuse and one other side (to find the difference).
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n2 = a2 + b2


n2 = a2 - b2
Since the difference between consecutive square numbers is always odd, it’s simple to find 

152 – 142 = 29
[In general, (k + 1)2 – k2 = 2k + 1, so we’re looking for 2k + 1 = 29… k = 14]

It’s not hard to spot 
22 + 52 = 29
either.

Hence the two constructions below:



The first square root expressible as the sum or difference of two squares in three ways appears to be the root of 65:

332 – 322 = 65

12 + 82 = 65


42 + 72 = 65

but there are lots more!

Incidentally, the length 65, itself, is the first integer hypotenuse to be obtainable in two ways using integer sides:

652 = 632  + 162

and

652  = 562  + 332
Is this a coincidence? Is 65 special? I don’t know!
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