Continued Square Roots

The long ( infinitely … ! ) row of complicated-looking square root signs within this problem put it firmly in the ‘Einstein cartoon ’ category, as far as Maths problems go, but a bit of investigating will reveal pleasant surprises …

The Problems :

1.
Find the exact value of the infinite sequence of square roots :
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( If you have a calculator with the previous ‘ANS’ button on it, then your working can be repeated automatically by just pressing the ‘=’ button repeatedly once you’ve figured out the sequence of steps you want to do )

2.
Repeat the problem for :
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You may be feeling happier about these long sequences by now …

3.
What about 
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  ?

4.
Does 
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work out nicely ?

5.
Can you find other starting numbers that do yield nice, integer, answers ?

Notes :

For an insight into what’s going on, it might help to use the “an infinitely long sequence means you can add one more term and still have an infinitely long sequence“ argument to frame the problem in all its revealing algebra …

For example, if we call the final answer to the first problem a, 

then a ² =( 
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=  42 + 
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=  42 + a

so,  
a ² = 42 + a
or  
a ² - a – 42 = 0

which looks familiar

or
a ( a – 1 ) = 42  which looks guessable !

If the students aren’t familiar with these quadratic types of equations, then they can ‘guess-and-improve’ to find the answer to a .

If they are quadratic-familiar, then clearly the answers to this equation are a = 7 or -6.

Taking the line that we're only looking for positive solutions is the most straightforward approach, and that most suited to a calculator or computer investigation. See the Extensions below for negative square roots ...

The list of integer  final answers for  a  yield the corresponding list of convenient starting numbers for our square root sequence :
2, 6, 12, 20, 30, 42, 56, 72, 90 ... etc, which is easy to extend and readily recognised as double the triangle numbers ...

So it’s easy to make up your own problem that will converge nicely to an integer solution:

Simply use n(n-1) inside the square roots to create a sum convergent to  n.
An obvious extrapolation is the similar set of problems involving ‘a - ‘ instead of ‘a +’   inside the square root. This turns out to be almost identical, yielding:

a(a+1) = 42 , 

for example, 

and hence 
a = 6 , 


instead of a = 7

Extensions :

A

For the most able, a discussion of the implications of allowing negative answers to all of, or some of ( for instance, alternating ) the square roots might be profitable.

( All negative square roots lead to a sequence like :
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=  -6

Alternating positive and negative square root values seems to lead to a quartic equation, with a = 7 or –6 again, but now with the (spurious ) solutions 
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Showing how squaring up an equation generally leads to extra, often invalid, solutions.

B

A similar problem can involve continued fractions such as :
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And lead to similarly predictable answers, but with rather harder numbers, as the starting number N yields answers of the form a :
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Where N = , or
a = 
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where | a |  <  1

For example, N = 2, as above, leads to an answer of 
a = ( 2 – 1 ( 0.4142136
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