Divide It

The number   123654   uses each of the digits  1 -  6  once, and has the unusual property that :


1

is a multiple of  1



12

is a multiple of  2



123

is a multiple of  3





1236

is a multiple of  4



12365
is a multiple of  5





123654 
is a multiple of  6
Can you find a 9 figure number, using all the digits  1  -  9 once, that has a similar property ?

Solution:

381654729

This is, I think, the only one…

Taking the positions to be represented by the letters   a b c d e f g h i ,

e = 5 , to ensure divisibility by 5.

b, d, f, h must all be even ( from 2, 4, 6, 8) which leaves a, c, g, i odd (from 1, 3, 7, 9)

Furthermore, since both  (a + b + c + d + e + f)  and  (a + b + c)  must be a multiple of 3, then  (d + e + f)  must also be.

Hence (d + 5 + f) = 6, 9, 12, 15, 18, or 21

d + f = (1) 4, 7, 10, 13 or 16

So, d + f =10, and (d, f)  =  (4, 6) or (6, 4)

To ensure divisibility by 4, cd must itself be a multiple of 4.

Since c is odd, d must be 6, and hence f be 4.

To ensure divisibility by 8, the 3-digit number fgh must itself be a multiple of 8

Since f = 4, g is odd and h either 2 or 8, fgh can only be either 432 or 472

Either way, h must be 2, and b = 8.


To ensure divisibility by 9, the final 3 digits must add to a multiple of 3, as per the argument above.

Hence (g + 2 + i) = 6, 9, 12, 15, 18, or 21

g + i =  4, 7, 10, 13 or 16

So  (g, i)  =  (3, 1) or (3, 7) or (7, 3) or (7, 9)

Finally, we are left with a and c, odd numbers that take those values from (1, 3, 7, 9) that are left after g and i are chosen.

We have not performed a test of divisibility for 7 yet, as it is generally too much trouble for relatively short numbers. So now we simply test all the 8 possible permutations left :

Viz
1836547(29)


1896543(27)

1896547(23)


3816547(29)


7896543(21)


9816543(27)


9816547(23)


9876543(21)

The only number to be divisible by 7 is that in Italics, leaving our solution as 




381654729

NB  Since the final digit is itself 9, the desired property is shared by the 8-digit number   38165472,  formed from the digits 1 to 8 !
