Fossils

To ‘fossilise’ a number, you just multiply its digits together. Then do the same with the result, repeating the process until the number remaining has only one digit.

If this digit is zero, we say that the number leaves no fossil.

For example, 
489 gives 4 x 8 x 9 
= 288

288 gives 2 x 8 x 8
= 128

128 gives 1 x 2 x 8 
=  16

16 gives   1 x 6 
=    6.

So, we say that 489 leaves a fossil of 6. 

The Problems:
1. Find a number with 5 digits that leaves a fossil of 6. Too easy? 

If all the original digits have to be different, can you find one?

2. What is the largest 3-digit number that leaves a fossil of 4?

3. Find the largest number whose digits are all different, that leaves a fossil.

4. Find the largest number, whose digits are all different, that leaves an odd number for a fossil.

Notes:
This is a nice little arithmetic investigation, with a few ‘aha’ moments along the way.

The first such realisation is that the order of the digits doesn’t matter (multiplication is commutative).

The next is that any number containing a 0 leaves no fossil.

Hence, any number containing both a 5 and any even number also leaves no fossil.

Further, most numbers containing a 5 and other odd numbers often end up the same way.

(e.g. 97531 ( 945 ( 180 ( 0)

Solutions:

1.

61111, 16111 etc all do the job nice and quickly!

12346 is a first guess – notice no 5s allowed – and works fine, as do all its ‘anagrams’:

12346 ( 144 ( 16 ( 6

2.
981

Trace backwards from the fossil of 4, to see what numbers this could have come from…

4 ( 14 ( 72, 721, 172 etc all work OK. 

4 ( 41 (prime) can’t come from any product of single digits.

4 ( 114 (3 x 19 x 2) can’t come from any product of single digits.

4 ( 141 (3 x 47) can’t come from any product of single digits.

4 ( 411 (3 x 137) can’t come from any product of single digits.

4 ( 22 (11 x 2) can’t come from any product of single digits.

4 ( 122 (61 x 2) can’t come from any product of single digits.

4 ( 212 (53 x 2 x 2) can’t come from any product of single digits.

4 ( 221 (prime) can’t come from any product of single digits.

And that exhausts the ways that any 3-digit number can fossilise to 4, so the only solutions come via 72, 127, 172, 217, 271, 712 or 721.

72 comes from any permutation of 9, 8, 1, or 3, 3, 8, or 9, 2, 4. Of which 981 is the largest.

127 is prime; 172 = 43 x 4; 217 = 31 x 7; 271 is prime; 712 = 89 x 8 and 721 = 103 x 7.

So none of these can originate from the product of 3 single digits…

981 is the largest original number that leaves a Fossil of 4.

3.
9876421

No 5s allowed with even digits, as stated at the outset, so the largest set of possible digits will be 9876(5)4321…

But 
98764321 (= 9! ( 5) ( 72576 … ( 0
so we need to start removing individual digits, one by one, to see which next largest set will avoid the appearance of any 5s or 0s.

987643(2)1 ( 36288 ( 2304  ( 0

98764(3)21 ( 24192 ( 144 ( 16 ( 6

So we have our answer:

Any number using the digits 9,8,7,6,4,2,1 is the longest that will leave a fossil, so the greatest is 9876421.
4.
9751

To leave an odd fossil, we must avoid even numbers at every stage of fossilisation, as ‘an even number times an odd number makes an even number’…

We can use the digit 5, since we are not using any even digits, so we are left, at best, with 97531…

Sadly, 97531 ( 945 … ( 0

Again, we must begin removing individual digits until we get a fossil result…

9753(1) behaves just the same!

975(3)1 ( 315 ( 15 ( 5, which is a fine fossil, though a bit odd…

97(5)31 ( 189 ( 63 ( 18 ( 8
- not at all odd.

9(7)531 ( 135 ( 15 ( 5 again

(9)7531 ( 105 ( 0

So we have our answer:
We can’t get a fossil from a 5-digit number, and the only 4-digit numbers that leave an odd fossil are those that use the numbers 9,7,5,1 or 9,5,3,1 – the largest of which is 9751.

