Graphic Convergence 
 The point (x , y) moves to a new position (x’ , y’)  by the rule : 
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 eg the point (2, 10) moves to (5 , 6) because x = 2 and y = 10 gives:  
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The Problems : 
 A
Start with the point (0 , 1) and repeat the rule 4 times 
 B
Start with the point (5 , 6) and repeat the rule 4 times 
 C
Plot the points on graph paper, and comment on your results so far.  
D
Can you guess a point that will not move when the rule is applied ? 
This point is described as an 'invariant' of the process. 
  A slightly different rule is :
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E
Start with the point (1 , 1) and see where it goes after 4 repeats of this rule 
F
Do the same for the point (5 , 4) 
 G
What did you notice about the way the 2 different points behaved ? 
Can you find the 'invariant’ under this rule?

Notes and Solutions :

A


The rule is equivalent to convergence on the point (1 , 2) . 

The first application of the rule moves the initial point onto the line  y = x + 1  and then the point moves halfway to (1 , 2) with each successive application … never reaching it, but getting infinitely close !

B


This rule produces convergence to the point (4 , 2), but in a more zigzag fashion ! 

The steps towards the goal are alternately forward and backward, which is less comfortable feeling than the always progressive advance of the rule in Part A.

The actual transformations can be thought of as composed of :

A

A dilatation factor 0.5, centre the origin, followed by a horizontal translation onto the line  y = x , followed by a vertical translation of 1 unit. 

Only the point (1 , 2) is mapped back to itself under these transformations .

B

A dilatation factor 0.5, centre the origin, followed by a vertical translation onto the line  y = x, followed by a horizontal translation of 2 units .

Only the point (4 , 2) is mapped back to itself under these transformations .
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