How many triangles?

The Problem:

Suppose that you have six rods, of length 1,2,3,4,5,6.  How many different triangles can you form from the rods?  

Extend the result to 7, 8, 9... and, if you can, to 2n (any even number) and 2n+1 (any odd number).

Hints:

1.
When will a set of three rods not produce a triangle?

2. 
Start by considering what triangles you can form when the longest rod is 4, then 5, 6...and so on.

Solutions:

This problem is suitable for younger students –  but without the Algebra !

To form a triangle we need the sum of any two rods to be greater than the third rod.

One rod of each length

Start by considering what happens when the longest rod is 4 (it can not be smaller because if the longest is 3 the others must be 1 and 2, which do not form a triangle.)

Longest rod 4:  Try each number in turn as the shortest rod, and see what third sides are possible.  The shortest can not be 1, because 1 and 3 only just reach.  So the only possible triangle is 2,3,4.





4 leads to 1.

Longest rod 5:  The shortest can not be 1.  With shortest 2, we can only have 2,4,5.

With shortest 3, we can only have 3,4,5.



           5 leads to 2.

Longest rod 6:  we can deduce in turn that only 2,5,6;  3,4,6;  3,5,6;  4,5,6 are possible










           6 leads to 4.

Longest rod 7: only 2,6,7;  3,5,7;  3,6,7;  4,5,7;  4,6,7;  5,6,7 are possible.










           7 leads to 6.

Longest rod 8:  only 2,7,8;  3,6,8;  3,7,8;  4,5,8;  4,6,8;  4,7,8;  5,6,8;  5,7,8;  6,7,8  are possible.







           8 leads to 9.

At this point, it is worth looking at the patterns that have formed.  

4 has 1;  
5 has 1+1; 
6 has 1+2+1;  
7 has 1+2+2+1;    8 has 1+2+3+2+1.

You may now be able to predict the numbers for 9 and 10, and indeed for 2n and for 2n+1.  

However, a simple diagram will make the pattern clear.  Taking the patterns for 7 and 8, we can draw square diagrams which show all possible pairs of shorter rods, and eliminate most of them, by testing whether a third longer rod is available to match this particular pair.

6  R  R  R  R  R  D

In this pattern, we first eliminate the Diagonal of D’s

5  R  R  R  R  D  Y

because they indicate the same rod being used twice.

4  R  R  R  D  Y  Y

Then we eliminate those above this diagonal as being 

3  R  R  D  S  Y  Y

Repeated (1,6 is the same as 6,1): marked with R.

2  R  D  S  S   S  Y

Lastly, we eliminate the pairs of rods which are too 

1  D  S  S  S   S  S

short to match any available ‘longest’ rod.

    1   2  3  4   5   6

(on or below the (1,6) to (6,1) diagonal): mark S.

This leaves the Y’s, whose pattern is now clear.

Its halves can be joined to make a 3 by 2 rectangle.

Similarly, we can draw the equivalent pattern, when the longest rod is 8

7  R  R  R  R  R  R  D
The reasoning and the notation are exactly the same.

6  R  R  R  R  R  D  Y
Note that the 1+2 part of the pattern of Y’s can be 

5  R  R  R  R  D  Y  Y 
joined to the 1+2+3 part to make a 3 by 3 square.

4  R  R  R  D  Y  Y  Y



3  R  R  D  S   S  Y  Y
It is now possible to see that for 2n+1 the pattern will 

2  R  D  S   S  S   S  Y
make up a n by n square, and that for 2n it will make 

1  D  S  S   S  S   S  S  
a n(n-1) rectangle.

    1   2  3   4   5   6  7

The original problem – the total number of triangles – can now be solved with different answers for odd and even numbers of rods.

For 2n rods, we have 
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For 2n+1 rods, we have
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