The Magic of Pythagoras in an Unknown Rectangle !
We all get used to using Pythagoras' Theorem with 2 numerical inputs, and an unknown 3rd 'length' to find. This Problem uses, instead, the algebra of the Theorem without the immediate substitution of numerical values ... until a bit of rearranging of the algebra has gone on ...

The nice thing is that we aren't told, and don't need to know, the sides of the triangles concerned !

The Problems:

A 


Given a rectangular courtyard ABCD, and a well at the point P such that |PA| = 10, |PB| = 5 and | PC | = 11, then find |PD|.
B


Given a rectangular box , and a point P such that | PA | = 13, | PB | = 5,   



| PD | = 15  and | PE | = 23, then find | PG |.
Solutions:

 1: 14


 2: 21
Notes: 

Problem 1: 

1st method, by Pythagoras’ theorem.

Put in lines through P parallel to AB and AD. Let these lines meet AD, BC, AB  and DC as shown:



We now have a large number of right-angled triangles to which we can apply Pythagoras’ theorem:

PD2 = m2 + y2

PA2  = m2 + x2

or,symmetrically, 
PA2 + PC2 = PD2  + PB2
PC2 =  n2 + y2

PB2  =  n2 + x2
From this,
PC2   - PB2 = y2 - x2

And

PD2   - PA2 = y2 - x2

So,

PD2   
= PA2 + PC2 - PB2  

= 100 + 121 – 25 = 196

Hence, PD = 14

2nd method, by coordinate geometry:

 Take P = (0,0), B = (0.s), C = (r,s), D = (r,0)  and  P = (x,y).

 Then
PA2 + PC2 
= {x2 + y2 } + {(x – r) 2 + (y – s) 2 }




= {x2 + (y – s) 2 } + {(x – r) 2 + (y – s) 2 }




= PB2 + PD2


The proof is completed as before. 

The surprise in this question, perhaps, is that we do not need to know anything about the size of the rectangle to be able to solve it, and indeed the second approach makes it plain that we do not need to know whether P is inside or outside the rectangle!

It would be a nice exercise to produce a dynamic geometrical drawing to illustrate that many different-sized rectangles ABCD can have the same values of |PA|, |PB|, |PC| and |PD|. 

Indeed it turns out that we do not even need to know whether P is in the same plane as the rectangle: it works just as well as a 3-dimensional problem.

Problem 2: 

By the 3-dimensional version of problem 1,
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so 
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(Problem to which the setter does not know the answer: can values be chosen in this problem so that the eight distances |PA|, ( , |PH| are distinct integers?)

Footnote: 

Care is needed in choosing numbers for this problem, quite apart from the question of fiddling it so that the answer is an integer. 

Suppose we had been given 
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Then the above calculation would appear to give 
[image: image7.wmf]1

512

36

36

441

|

|

2

=

-

+

+

=

PG

, so that 
[image: image8.wmf]1

|

|

=

PG

. 

But in fact in this case the problem has no solution. 

Why? (Clue: work out |PH|.)
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