Overlapping Squares 2
The Problem:
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Take 2 identical 12 cm squares of paper. 

Place one exactly on top  of the other. 

As you rotate the top square about its centre,the area of overlap between the 2 squares decreases, and the corners of the lower square ‘stick out’.

What is the largest fraction of the lower square you will ever see ?

Notes and Solution:

This is a ‘hands-on’ sort of problem and can be stated very easily, and ‘solved’, at face value, by guessing intelligently, and measuring / calculating areas of triangles.

An Interactive Geometry file ( in Geometer’s SketchPad or Cinderella, Cabri etc) would make it more fun…

It can also be more thoroughly investigated using Algebra, Pythagoras and Surds, and gives a nice feeling result for those working at this level.


For Level 5 access, you could prompt students to :

� decide what angle of rotation gives the largest area of the lower square visible ( what sort of ‘proof’ is needed to convince us here ?! )

� measure the sides of the 4 ‘sticky-out’ triangles, and use ½ ( b x h ) - or the way they would form 2 small squares - to calculate their total area 

� express this as a  fraction or percentage of the lower square 

Have the students discuss what would happen to this fraction if the original squares were a different size. Again, what sort of ‘proof’ is needed to convince us ?

The ‘Star of David’ symbol prompts us for the equivalent result for an Equilateral triangle ...

What would happen to the ‘visible fraction’ as we increase the number of sides of our original polygon ? What sort of arguments do we offer ? 

Does the idea of the circle, as limit, convince us ?

v For higher level analysis with students competent with Algebra, Surds and Pythagoras, the following prompts may lead to a pleasant sense of acheivement : 

If you assume that 45° will give the largest fraction (‘by symmetry’, surely!), then:
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And the total area fraction visible =   
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  =  0.172
- not an immediately obvious result, perhaps !

If 45° is not assumed, then we need to use trigonometry to describe the link between the protruding edges of the square, and the final fraction, for any angle of rotation ‘t’  is:

2 sin t cos t / (1 + sin t + cos t)2  

which can be graph-plotted to show the maximum value at 45°.

Substitution into the expression yields the same result as above.

Extensions :

If you started with 2 rectangles ( 15 cm by 10 cm, say ), when  is the largest area / fraction visible ? 

Are you sure ?! 

What is this fraction ? 

Using Algebra yields the rather nice answer that the fraction visible when the 2 rectangles are at 90° is   1 - (W/L)  for any  ‘W  by  L’  rectangle.

How does this fit in with the original ‘squares’ result ? 

When does the ‘squares’ result change over to the ‘rectangle’ result?!

_1062493956.unknown

_1062494876

_1062494217.unknown

_1062491273

