Perfect Squares

The Problems :
1. The following numbers are perfect squares. Find their square roots. (No calculators!)
(a) 121 (b) 10201 (c) 12321 (d) 1234321 
(e) 12343210246864201234321 
(f) 12321024642036963024642012321.
2. The numbers above are all palindromes, that is, they read the same from left to right and from right to left. 
(a) Find the smallest perfect square that is a palindrome and uses all of the digits 1, 2, 3, 4, 5, 6, 7, 8 and 9.
(b) Find a perfect square that is a palindrome and uses all of the digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9.
Hints :
Playing around with 11², 111² etc gives some nice indications of there being strong underlying patterns going on here !
It will help some students greatly if we suggest expressing, for example, 11² as (1 + 10)² and then looking at how many 'units, tens and hundreds' the answer will contain.
Solutions:
1. (a) 11 (b) 101 (c) 111 (d) 1111
(e) 111100001111 (f) 111000111000111.
2. (a) The smallest palindrome involving all the digits 1–9 is 12345678987654321.
This happens to be a perfect square, being the square of 111111111.
(b) The square of 10101010101010101 is 102030405060708090807060504030201. 
(The setter does not know whether there is a smaller answer.)
Notes:

1(a). No one should need help with this, but it is worth observing that from the formula 

( a + b ) ² = a ² + 2 a b + b ² 
we get 121 = 100 + 20 + 1 = ( 10 + 1 ) ² = 11 ²
This leads directly to:
1 (b)
10201 = 10000 + 200 + 1 = ( 100 + 1 ) ² = 101 ²
1 (c) 
To apply the above approach this time, one has to be decidedly cunning:

12321 = 12100 + 220 + 1 = (110 + 1)2 = 1112   
or alternatively 

12321 = 10000 + 2200 + 121 = (100 + 11)2 = 1112
One can also "see" the answer as a long multiplication:

There is a way of constructing the answer, also, by estimating to find the digits, one at a time. Suppose 12321 = n ². Since 10 000 < n ² < 40 000, we have 100 < n < 200, so the first digit of n is 1. 
Thus n = 100 + a, say, where a is (at most) a 2-digit number. 
Then      12321 = (100 + a) ² = 10 000 + 200 a  + a ²                             so that     2321 = 200 a + a ². 
From this, 10 < a < 20, so the first digit of a is 1, and we can call                  a = 10 + b, say, where b is a single digit number. 
So now, 2321 = 200 (10 + b) + (10 + b) ² = 2100 + 220 b + b ²
            or 221 = 220 b + b ²,     whence     b = 1
and
n  = 100 + a = 100 + (10 + b)  = 100 + 10 + 1  =  111
(Old-timers will recognize this as a spelled-out version of the "long division" method of extracting square roots.)
1 (d) 
1234321 = 1232100 + 2220 + 1 = (1110 + 1) ² = 1111 ² ,             

or do it as (1000 + 111) ²,     

or "spot" that the long multiplication
1111 x 1111 
gives the right answer. 
Estimation to get the digits also works again:
 Let 1234321 = n ² ; then 23421 = 2200 b + b ² shows 1000 < n < 2000, so that n = 1000 + a , for some ( at most ) 3-digit a. 
Then     1234321 = (100 + a) ² = 1000 000 + 2000 a + a² 

so that    234321 = 2000 a + a ² , 
 whence a = 100 + b for some (at most) 2-digit b. 
So now, 234321 = 2000 (100 + b) + (100 + b) ²        
So now , and 24321 = 2200 b + b ². This means  b = 10 + c , for some single digit number c, and finally 24321 = 2200 (10 + c) + (10 + c) ²  gives 2221 = 2220 c + c ², from which c = 1. 
Thus  

n = 1000 + a = 1100 + b = 1110 + c = 1111 
1 (e) 
Write this as
12343210000000000000000 + 246864200000000 + 1234321 , which is (111100000000 + 1111) ², or 111100001111 ². 
Alternatively, start by factorising it as 1234321 x 10000000200000001, which,     (comparing with (b) and (d))     is the square of                             ( 1111 x 100000001 )  = 111100001111
1 (f)
 Factorise as             12321 x 10000020000030000020000011, which is the square of ( 111 x 1000001000001 ) = 111000111000111
2 (a) 
The smallest palindrome involving all the digits 1–9 is 12345678987654321.         This happens to be a perfect square,         being the square of 111111111.
2 (b)
The square of 10101010101010101 is 102030405060708090807060504030201. 

(The setter does not know whether there is a smaller answer.)
