Pick A Shape

Some shapes are so awkward, that the only way to find their area seems to be to break the shape down into lots of smaller triangles and rectangles and work all these out separately. Until 1899, and a Mr Pick spotted an alternative approach…

The Problems:

Find the areas of the shapes below.

In the first group of shapes, they all contain a single ‘interior’ dot. 

What’s the connection between the area and the number of dots on the perimeter?
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What difference does the addition of one extra interior dot make to your formula?
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How about a formula for 5 interior dots? 

(Hint: 4 more than the very first examples you did)
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The Big One:

Use your formula to calculate the area of this, extremely awkward, shape:
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Solution:

A
4.5

B
4

C
3.5

D
5

E
6

F
6.5

G
8

H
5.5

I
8.5

J
9.5

K
8

The Big One:
50 square units

Pick’s Theorem states that the area of any (plane) polygon with its vertices on a square lattice grid can be found from the number of lattice points on the perimeter (P)  and the number of lattice points inside (I) the polygon.

The formula is simply
A = I + ½P – 1
measured in square units

[  The formula translates nicely to a triangular lattice, and is

A = 2I + P – 1, 
measured in triangular units  ]

The formula is fairly easy to prove, by induction, or can be simply illustrated by starting with a unit square, where P = 4, I = 0 and A = 1, and observing that each additional Perimeter dot (while keeping I = 0) adds a triangle of base and height 1, and therefore an additional area of ½ unit.
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Hence the formula must involve the term ½P.

Similarly, again from the unit square, each additional Interior dot (while keeping P = 4) adds two triangles of base and height 1, and hence an additional area of 1 unit.
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Hence the formula must involve the term I.

It is now enough to verify that the formula is indeed 
A = ½P + I – 1.

