PieFree Circles
The Problem:
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A square is inscribed in a circle of radius 4cm.

A semi-circle is drawn with centre halfway along one of the sides of the square, and radius to pass through the centre of the original circle. 

Find the area of the crescent that protrudes beyond the first circle (shown shaded).
Notes:

This is an ‘Area of a Circle’ question with a difference – first remarked on by Hippocrates around 500 BC!

The segment’s area turns out not to involve      ...

Solution:
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To find crescent area s, we take the segment t from the semicircle on diameter BC. 

To find t, we take the triangle BOC from the quadrant BOC.
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i.e.t=

π(4)-8=4π-8

4

BC=(4+4)=42

1

Thens=

π(22)-(4π-8)

2

=4

π-(4π-8)=8cm


I’ve chosen the initial radius to be 4cm to pose the question of whether the ‘canceling’ of the 4 is simply a special case…

Students can be asked their views on this.

In fact, the whole result is a ‘special case’ – but reliant on the area of a shape doubling under an enlargement scale factor 
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, and therefore half the larger shape having the same area as the whole original shape

In our case, the smaller semicircle has the same area as the larger quarter circle…

NB

Tony Orton has pointed out that tessellating shapes formed from adapted circle packings generally have areas independent of  . This initially runs against the grain for most of us, but those shown below clearly result from the underlying ‘square’ or ‘triangular’ tessellation grid. 

Notice how the areas of the individual tiles can be seen to form a simple fraction of the original squares or triangles. 
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