Power Twins

The Problem :
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Can you find any other pairs of numbers ( whole or decimal ) which behave like this ?

Hint : You could start with a particular first number, say 5, and search for the ‘power partner’ that goes with it. Or you could look for an algebraic connection between such pairs …

Notes :

There are a number of ways to tackle this tricky-looking problem. I mention a couple, but they may not be the nicest ways by any means !

A
Algebraic approach

If   
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, we can call    
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,  so that a  =  bx  ( with a > b,  x  > 1 )
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This now gives us a handy way to generate any number of power twins for a  and  b, by using x  as a parameter …

Eg if  x = 2, then 2  =   b
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, and b = 2, with a = bx = 4. The example we had to start with !

If x = 3, then 3 = b ², and b =  
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, with a = bx = 3
[image: image7.wmf]3

.

If x = 3, then 3 = b ², and b =  
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, with a = bx = 3
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 or 
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If x = 4, then 4 = b
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, and b = 
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 , with a = bx = 4. 
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etc etc etc

So that, in general, if   b = 
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, then a = 
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, or  b = 
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, and a = 
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Now there are clearly an infinite number of such pairs, but whether these are only a small sub-set of the possible pairs I do not know… The graphical approach below shows that one may choose any starting number between 1 and e, and this will be paired with another number greater than e. So can any number between 1 and e be expressed in the form b = 
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, for some value n ? I don’t know !

B 
Graphical approach

Since 
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Then, taking logs :

b log a = a log b

So
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This suggests we look at the graph of y = 
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, and see which values of x give us equal values of   
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. This will then give us our ‘power twins’…
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Eg taking a line up from x = 3 ½ = 1.732 cuts the curve at y = 0.1385, and the horizontal line through this point cuts the curve again at x = 5.083.

Hence, both these x values give the same value of   
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, and hence satisfy our original equation  
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. They are, in fact, the power twins that correspond with the parametric value of x = 3 in the algebraic approach in A, above.

Clearly there are an infinite number of power twins available by either method, although looking for them without a systematic method is rather a tricky affair !
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