Algebra Prime Time 

The Problems:

1. Prove that no square number leaves remainder 2 when divided by 3.

[Hint: think of all integers as being of the form 3n, 3n+1, 3n-1 and square them]

2. Prove that no square number has remainder 2 or 3 when divided by 5.

3.  Prove that no square number has remainder 3 or 5 when divided by 7.

4. Prove that every prime number greater than 3 can be written in the form 6n+1 or  6n-1.

5. Prove that for every prime number n,   (n2 - 1) / 24   is an integer.

[Hint: use result from 4]

Notes and Solutions :

The power of Algebra to establish general results, applicable ‘all the way off to infinity’, should be a bit awe-inspiring to those who have never really used Algebra before …

If this response is lacking, ask pupils to try to find an exception to No. 5 – and they can use a computer to help them … ! You could even offer them a graphic calculator as their reward if they succeed.

1.
Let I = 3n
Then I² = 9 n²

and I² ÷ 3 = 3 n² ,  with no remainder

Similarly, if 
I = 3n + 1, 
then
I² = (3n + 1)² = 9n² + 6n + 1

and I² ÷ 3 = 3n² + 2n,  with remainder 1

Finally, if 
I = 3n - 1, 
then
I² = (3n - 1)² = 9n² - 6n + 1

and I² ÷ 3 = 3n² - 2n,  with remainder 1

2.
Since we are considering multiples of 5, let us examine the separate cases where the original integer I fits around the nearest multiple of 5 as below : 

I = 5n –2,  5n –1,  5n,  5n + 1  or  5n + 2

If :

I = 5n – 2 :
I² = 25n² - 20n + 4,
and I² ÷ 5 = 5n² - 4n  
with remainder 4

I = 5n – 1 :
I² = 25n² - 10n + 1,
and I² ÷ 5 = 5n² - 2n  
with remainder 1

I = 5n  :
I² = 25n²

and I² ÷ 5 = 5n²   

with no remainder

I = 5n + 1 :
I² = 25n² + 10n + 1,
and I² ÷ 5 = 5n² + 2n  
with remainder 1

I = 5n + 2 :
I² = 25n² + 20n + 4,
and I² ÷ 5 = 5n² + 4n  
with remainder 4

Hence a square number can never give remainder 2 or 3 when divided by 5

3.
By a similar argument, 

I = 7n – 3, 7n – 2, 7n – 1, 7n, 7n + 1, 7n + 2   or   7n + 3

I = 7n – 3 :
I² = 49n² - 42n + 9,  and I² ÷ 7 = 7n² - 6n +1
with remainder 2

I = 7n –2:
I² = 49n² - 28n + 4,  and I² ÷ 7 = 7n² - 4n 

with remainder 4

I = 7n – 1 :
I² = 49n² - 14n + 1,  and I² ÷ 7 = 7n² - 2n 

with remainder 1

I = 7n  :
I² = 49n²,  
          and I² ÷ 7 = 7n²

with no remainder

I = 7n + 1 :
I² = 49n² + 14n + 1,  and I² ÷ 7 = 7n² + 2n 
with remainder 1

I = 7n + 2 :
I² = 49n² + 28n + 4,  and I² ÷ 7 = 7n² + 4n
with remainder 4

I = 7n + 3 :
I² = 49n² + 42n + 9,  and I² ÷ 7 = 7n² + 6n +1
with remainder 2

Hence a square number can never give remainder 3 or 5 when divided by 7

4.
Since we are looking for a relationship to multiples of 6, let us call our potential prime :

P = 6n – 3, 6n – 2, 6n – 1, 6n, 6n + 1   or   6n + 2    (check this on a number line !)

Now, clearly, 6n is divisible by 6, 6n – 3 is divisible by 3, 6n ± 2 is divisible by 2, leaving us with only 6n ± 1 as possible prime numbers.

5.
If we take our prime number as n = 6k – 1,
then   n² =  36k² - 12k + 1


and the expression required  
= (n² - 1) / 24  =  ( 36k² - 12k ) / 24






=  12k ( 3k – 1 ) / 24


Now, if k is even, 3k – 1 is odd , and their product is even


And if k is odd, 3k – 1 is even, and their product is even again

Finally, 12k ( 3k – 1 ) / 24 =  12 x (even product )  =  multiple of 24

And so 12k ( 3k – 1 ) / 24  will be an integer

