Sculpt Big or Sculpt Small ?

The Problem :

A sculptor has the moulds to cast similar solid bronze figures of height either 20 cm or 40 cm. She can sell these figures for £30 and £150 respectively. If her main cost is the cost of the bronze, which size figure is it more profitable for her to make ?

What difference might it make to your advice if the figures were hollow ?

The Investigation :

If 2 such hollow figures were made, in the unlikely – but simple ! – forms of cubes 20 cm and 40 cm high, out of 1 cm thick bronze, then how much bronze would be required in each case, and what would be the relevant ratio ?

What advice would you give the sculptor ?

What difference would it make to your advice if the figures were still cast in 1 cm thick bronze, but were only  4 cm and 8 cm high ?

How does the thickness of the bronze and the size of the figures affect the advice generally ?

Notes :

It might be easier for some pupils to be given this problem in a more explicit  form – telling them that the sculptures are in fact cubes, or spheres, so that the problem leads towards the nicely general ‘Volume scale factor’ approach, rather than starts with it.

The same numbers can obviously be used throughout.

Solutions :

A

This problem uses reasoning based on Area and Volume scale factors.

Linear scale factor of figures 
= 40 : 20  = 2 : 1

So Volume scale factor

=  23 : 13  =  8 : 1
Price ‘scale factor’ for the same figures = 150 : 30 =  5 : 1
Hence, if she makes and sells the larger figures,  the sculptor gets only 5 times the money for 8 times the volume of bronze.

She would be advised to stick to making and selling the smaller figures only. Unless, of course, the availability of the larger figures adds to the sales of the smaller ones greatly …!

B


If the figures were largely hollow, the quantities of bronze required in their manufacture would be more closely modelled by their areas than their volumes, and therefore :

the relevant Area scale factor =  2² : 1² = 4 : 1

Hence, if she makes and sells the larger figures,  the sculptor gets 5 times the money for only 4 times the amount of bronze.

If this is the case, she would be advised to make the larger figures only. Unless …

Investigation Solution :

The volumes of the bronze ‘cube figures’ are easily calculated as 

( 403 – 383 )  and
 ( 203 – 183 ), giving a ratio of 

9122 : 2168  =  4.2103 : 1
This is much closer to the ‘Area’ model than the ‘Volume’ model, and the advice is still to make the larger versions.

When the sizes are brought down to 8 cm and 4 cm, the relevant values become 

( 83 – 63 )  and ( 43 – 23 ), giving a ratio of 

296 : 56  =  5.2857 : 1

This changes the advice to the sculptor : the larger figure uses 5.2857 times the bronze for only 5 times the money. Sell the smaller version.

For each size and shape of figure and thickness of bronze, there will be a significant point at which the figures behave more like the mathematical models of solid shapes than hollow shapes.

Since the hollow space inside the shape is only similar to the original shape for the Platonic solids( is this true ?! ), and spheres, there is no general rule for what this point is that will fit every shape. 

There is plenty of scope for investigating when the ratio of bronze used will be 

5 : 1, 6 : 1, 7 : 1 etc or setting the fair price for these ‘semi-hollow’ figures of certain sizes, and certain thicknesses of bronze.

