Square In A Triangle
The Problem:
Anyone can draw a square inside an equilateral triangle. 

But what is the biggest square you can draw inside a 1m equilateral triangle, and how do you position it ? 

Are there any 'competing' ways to position the square ? 

Is it any harder if the triangle is Scalene?
Solutions:
The maximum length of Square that can be drawn within a 1 metre length Equilateral Triangle is as in Fig. 1 below:
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Length = (3 ( ( 2 + (3) , about  0.464 m
There are two ways of getting an apparently maximal size square in the triangle.
[image: image2.png]



One can probably imagine rotating the square in Fig 2 slightly anti-clockwise, while one can't really imagine doing the same to that in Fig 1, in either direction.

The construction of these triangles, even within Scalene triangles (see end), is made easy by using the idea of Enlargement…

Fig 1
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First, draw a vertical line from any point P on AB down to join AC (PS). Then complete a square with that line as one side – hence PQRS.

Next, enlarge the square, using A as centre, until point Q meets the opposite side of the triangle (Q’).

You now have the largest square that will fit inside the original triangle (P’Q’R’S’).

As to the length calculation, the neatest approach here is probably to use the fact that P’Q’ = P’B = x . Hence AP’ = (1 - x )

But  (AP’S’ is a 60° / 30° / 90° triangle, so Sin 60° = P’S’ / AP’ = 
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This leads to x being 
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about 0.4641 m
Fig 2
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First join A to Q’, the centre of the opposite side of the triangle.

Since the final square is symmetrically placed with respect to AQ’, draw Q’R’ at 450 to AQ’. Repeat to find point P’.

Finally, draw a line from P’, parallel to Q’R’ and meeting line AQ’ at S’.

You have your maximal square at this 450 angle. 

However, calculating the lengths of the square will involve the Sine Rule, using the smaller triangle in the corners. 

The question of what angle the square is at relative to the base of the triangle is one that students will have to think about, but the 'symmetry' argument for the 2 small angles being the same is pretty convincing. 

The arrowhead's angle-sum of 360° gives the angles easily, as does a consideration of the angles in the 'corner' triangles. 

These turn out to be 60° / 45° / 75° of course.
The solution of the Sine Rule gives the length of the square to be exactly:
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this being about 0.4483 m
 

Thus Fig 1 gives the biggest square, as we surmised at the top of the page.
The proof of this is left to the reader ... !

For Scalene triangles, method 1 works just the same:
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