Toffee Maths

The Background

Through the dusty window of a wooden shack on a wooden pier off the coast of California, a group of children are watching a silent but remorselessly rotating band of sticky white material alternately stretching and folding back onto itself …

This is the Monterey Taffy Company and this famous salt-water toffee is unknowingly home to an example of one of Mathematics’ most exciting new studies – ‘Chaos’.

The Taffy

The length of toffee hangs between two arms, which are about 1 foot apart ( we’re in California, remember ). Each time these arms rotate, the toffee is stretched to double its original length, and the excess is then folded back onto itself, so that it is once again 1 foot in length.
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As you can see, the section from 0 to 0.5 foot is stretched onto the whole 0 to 1 foot section, while the 0.5 to 1 foot section is first stretched between 1 and 2 feet, and then folded back on top of the 1 to 0 foot section.

The piece of toffee ( or the ‘point’ )  originally at 0.3 foot is ‘mapped’ onto the point 0.6, while the point at 0.9 is mapped onto 0.2

The Problems :

A
We can write this ‘mapping’ as :


for   
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While

for   0.5<x<1

x
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  ????
( This is your bit ! )

B
As the silver arms steadily rotate, some points in the toffee don’t move at all, some move in regular cycles, and some points seem to move all over the place…

Can you find any points which stay unchanged by this stretch-and-fold process ?

( There are more than one … )

C
What happens to the point x = 0.5 after a few repetitions of the process ?

What other points end up at this ‘attractor’ point ?

How many of these points are there ?

D
Examine the behaviour of the points 0.1, 0.2, 0.3, …, 0.9

What’s different about this compared to the behaviour of the previous points ?

Is there an ‘odd-man-out’ within this group ?

Which other points will eventually end up in this same repeating cycle ?

E
Now examine the behaviour of points like 0.01, 0.02, 0.03, …, 0.09

What happens to these points ?

How long is the ‘period’ of these cycles? (ie how many terms are there in the cycle?) 

Again, is there an ‘odd-man-out’ ? Can you see a pattern here ?

So far, we have only looked at points in their ‘decimal’ form.

F
What will happen to the points that starts off at   
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  or  
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   etc ?

How many of these regular cycles d’you think there can be ?

What about the vast majority of points that are known as ‘irrational’ and consist of infinitely long, irregular decimals ? What would you expect to happen to them ?

G
Finally, consider the ( almost ‘twin’ ) points  0.44  and  0.441

These begin their Toffee Journey only 0.001 foot ( less than half a millimetre ) apart, so you might expect them to have similar Life Histories … Take a look !

What you have done is dip your toe into the beautiful, but unpredictably turbulent waters of what we now describe, mathematically, as ‘Chaos’.

Solutions :

A
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B
x = 0 and x =  
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C
It goes to 1, then 0 and stays there. Any power of 
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 does the same

D
Apart from 0.5 (which behaves like 1 - see C), these all end up in a cycle of order 2 (0.4, 0.8)


Any power of 
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 multiplied by one of these does the same

E
0.01, 0.02 etc all end up in a cycle of order 10 (see Notes, below)


… apart from 0.05 (which behaves like 0.1 - see D)

( Any power of 
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 multiplied by any negative power of 10 behaves like the next greater power of 10 )

F
All fractions end up in cycles – these two examples in order 2 cycles

Irrationals behave ‘chaotically’ –sometimes nearly regular, often ‘wild’!

G
0.44 quickly joins a cycle of order 10;  0.441 is still wild after 100 folds…

Notes:

‘Chaos’ is the term used to describe the highly unpredictable and irregular behaviour that can result from a perfectly regular system. It is often associated with some variant on a ‘stretch-and-fold’ situation such as the present one.

The desired outcome from this Problem is a feeling for this unexpected mix of regular and irregular behaviour at whatever level of detail one looks. So, for instance, x = 0.5 is very ‘well-behaved’, but x = 0.4999999 is absolutely different.

A Spreadsheet is obviously a useful tool for tracking the ‘Life history’ of any point x, and there is an Excel worksheet example file available for viewing. The problem of having two different ‘transformation’ formulae, depending on whether x < 0.5 or not, is solved by the use of a Conditional formula such as :

=@IF B1 < 0.5 [ (2 * B1) , (2 – 2 * B1) ]
for the value of Cell B2



    output
output

condition
    if true
if false

The subsequent behaviour for some relevant initial values of  x are given below, but you may find much more interesting patterns of your own !

Value of  x



Subsequent Behaviour

0




Stays at 0
1




Goes to and stays at 0

0.5, 0.25, 0.125,…(
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Goes to and stays at 0

0.1, 0.2, 0.3,…


Goes to and stays in cycle, order 2, (0.4, 0.8)

0.05, 0.15, 0.35,…


Goes to and stays in cycle, order 2, (0.4, 0.8)

0.01, 0.02, 0.03,…
Goes to and stays in cycle, order 10, (0.08, 0.16, 0.32, 0.64, 0.72, 0.56, 0.88, 0.24, 0.48, 0.96)
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Stays at  
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Goes to and stays at 

[image: image16.wmf]3

2



[image: image17.wmf]etc

,

7

3

,

7

2

,

7

1





Goes to and stays in cycle, order 3, (
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Goes to and stays in cycle, order 3, (
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Rationals always end up in tidy cycles, the length of which largely depends on the size of their denominator when in lowest terms. ( If you think of the segment from 0 to 1 as divided into, say, n equal partitions, then the stretch-and-fold process must map each of these partitioning points back onto a member of the original set. So the set is closed, and each point’s future mapping ‘adventures’ must eventually fall into a cycle of order less than, or equal to, the original number of partitioning points ( ie the denominator of the fraction when the rational number is expressed in its lowest terms.

 On the other hand, irrationals’ progress can never be exactly tracked and form the chaotic behaviour ‘norm’ against which the rationals’ predictability stands in contrast.

The starkness of the contrast between the behaviour of 0.49999999999999 and 0.5 is the very stuff of what we mean by ‘Chaos’.

Ian Stewart’s book ‘Does God play Dice ?’ gives lots more background and further examples of ‘hand-calculator’ investigations into this interesting field.
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