‘Sisterly’ Square Numbers

The Problem :

 The integer 25 is a square, and has the property that, if each of its digits is increased by 1, we obtain another square, 36. Does any other square have this property?

Solution :
Of course, there is a 1-digit solution, namely 02 = 0 and 12 = 1; but we were hoping for something more interesting!

For a 2-digit solution, we must find integers a, b with a2 – b2= 11. Since 11 is prime, we must have a + b = 11 and a – b = 1, which gives a = 6 and b = 5, yielding the squares 25 and 36. So we already have the only 2-digit solution.

There are no 3-digit solutions. We would have a2 – b2 = 111 = 3 x 37, so either a + b = 111 and  a – b = 1 or else a + b = 37 and a – b = 3, neither of which yields a solution. (Check the details!)

For a 4-digit solution, a2 – b2 = 1111 = 11 x 101. Here a + b = 1111 and a - b = 1 does not give a solution, but a + b = 101 and a – b = 11 gives a = 56 and b = 45, yielding the squares 2025 and 3136.

Can you find any more?!

