The Down and Out Sponge

A semi-circular sponge has a diameter of 20cm.

Quite a nice way to begin sponging a window is to start in one corner, as shown below.

Now slide the top of the sponge down towards the corner of the window as you simultaneously slide the bottom of the sponge out and away from the corner…
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This way, the diameter always stays in contact with the two edges of the window and you don’t miss any bits.

The Problem:

What area of the window is wiped clean as you make this first, elegant move?

Hint:

It may be helpful to consider the motion (locus) of the middle of the sponge’s diameter.

The Solution:

The sponge cleans a quarter circle of radius 20cm, covering an area of 314cm2
The key is to notice that the middle of the sponge’s diameter describes a quarter circle, as the sponge slides down and out.
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This can be justified because the diameter always ‘subtends’ a right-angle at the corner of the window 

(the co-ordinate centre in the diagrams).

Thus O always remains on the circumference of 

the ‘complete’ sponge (right-angle in a semi-circle).

This, in turn, means that the line OP is equal to the radius of the sponge, namely 10cm, at all times.

So, as the sponge slides ‘down and out’, P describes an arc of a circle, centre O, radius 10cm…

This must be a full quarter-circle, looking at the starting and finishing positions.
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As this is happening, the furthermost point of the sponge, Q, describes the same quarter-circle, but with radius 20cm.

So…

The area wiped clean during this nice little manoeuvre is a quarter-circle, centre O, radius 20cm, and has area

( (( x 202) ( 314cm2
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