Circle Tangents

The Problems :

A


Let ABCD be a convex quadrilateral (no reflex angles), and suppose the quadrilateral has an inscribed circle, that is, a circle inside the shape that touches all four of the line-segments AB, BC, CD, DA .


Prove that |AB| + |CD| = |BC| + |DA|. 

Deduce that if a parallelogram has an inscribed circle, then it is a rhombus.

B  (Harder) 

Let ABCD be a convex quadrilateral such that |AB| + |CD| = |BC| + |DA|. Does it follow that ABCD necessarily has an inscribed circle? Can you find a 'counter-example' ?

Solutions :

A

 Let AB, BC, CD, DA touch the inscribed circle at W, X, Y, Z respectively. Then |AW| = |AZ| (equal tangents), and similarly at the other vertices. So


|AB| + |CD|
= |AW| + |BW| + |CY| + |DY|



= |AZ| + |BX| + |CX| + |DZ|



= |BX| + |CX| + |AZ| + |DZ|



= |BC| + |DA|.

If also ABCD is a parallelogram, then |AB| = |CD| and |BC| = |DA|, so 2|AB| = 2|BC|, whence |AB| = |CD| = |BC| = |DA| and we have a rhombus.

B

Yes. 

We need to find the centre of the circle, which will lie on all four angle bisectors of the quadrilateral; and indeed all we need to do is show that these four angle bisectors are concurrent. In fact it is enough to show that three of them are concurrent, as the point of concurrency must then be equidistant from all four sides of the quadrilateral. 

We have |AB| ( |BC| = |DA| ( |CD|. 

There are now 2 cases, which we will consider separately :

If |AB| = |BC|, then |DA| = |CD|, and by symmetry the diagonal AC bisects the angles at A and at C and is concurrent with the other two angle bisectors. 

So now suppose |AB| > |BC|, so that also |DA| > |CD|. 

Then we can find P on AB and Q on AD such that |BP| = |BC|, |DQ| = |DC|, and |AP| = |AQ|. 

So the angle bisectors at B, D and A are the perpendicular bisectors of the line-segments PC, CQ and QP respectively. 

But these perpendicular bisectors are concurrent at the circumcentre of (CPQ, so we have finished. 

The argument is then similar if |AB| < |BC|.

I.e.  there must be a point which lies on all 4 of the angle-bisectors of the 4 angles - from which we can then draw an incircle through the original points A, B, C and D.

