Simultaneous Equations

The Problems:

A
Solve the simultaneous equations
6061 x + 4040 y = 56566
4040 x + 6061 y = 54545
B
Solve the simultaneous equations
27 x + 37 y + 47 z = 212
37 x + 47 y + 27 z = 212
47 x + 27 y + 37 z = 242
Solutions :
A
x = 6, y = 5
B
x = 3, y = 1, z = 2
Notes :
In these examples the "obvious" standard approach of eliminating variables between pairs of equations produces the right answer but only after horrendous arithmetic. So in problem A you might multiply the first equation by 6061 and the second by 4040 :
36735721 x + 24486440 y = 342846526
16321600 x + 24486440 y = 220361800
Subtracting now gives
20414121 x = 122484726 , from which 

x = 122484726 ÷ 20414121 = 6
and then 

y = ( 56566 - 6061 x ) ÷ 4040 = 20200 ÷ 4040 = 5
But a more subtle approach greatly reduces the arithmetic.. Since in the original equations the coefficients of x, y in one equation are (respectively) the coefficients of y, x in the other, we can just add the equations to get an equation in which the coefficients of x and y are the same:
10101 x + 10101 y = 111111 ,
or :
x + y = 11
( No calculators needed to work out 111111 ÷ 10101, right ? ) 

Likewise, if we just subtract the second equation from the first :
2021 x - 2021 y = 2021 ,
or :
x - y = 1
The resulting equations
x + y = 11
x - y = 1
are so easy one can just "spot" the answer x = 6 , y = 5.
In Problem B, ( there’s a quick method, again ) the "obvious" straightforward elimination of variables between pairs of equations produces some large numbers. Multiplying the first equation by 27 and the second by 47 gives
729 x + 999 y + 1269 z = 5724
1739 x + 2209 y + 1269 z = 9964
Subtracting,1010 x + 1210 y = 4240
or : 101 x + 121 y = 424
Again, multiplying the second equation by 37 and the third by 27 gives :
1369 x + 1739 y + 999 z = 7844
1269 x + 729 y + 999 z = 6534
Subtracting, 100 x + 1010 y = 1310, or 

10 x + 101 y = 131
Multiplying the two x, y equations by 101 and 121 gives
10201 x + 12221 y = 42824
1210 x + 122217 y = 15851
Subtracting,8991 x = 26973 , so
x = 26973 ÷ 8991 = 3
Substituting back,
y = ( 131 - 10 x ) ÷ 101 = 101 ÷ 101 = 1, 

and z = ( 212 - 27 x - 37 y ) ÷ 47 = 94 ÷ 47 = 2
But here is the subtler method :
Noticing the coincidences among the coefficients, we’ll subtract the first equation from the second to obtain 

10 x + 10 y - 20 z = 0
or :
x + y - 2 z = 0
Likewise, subtract the second equation from the third to obtain :
10 x - 20 y + 10 z = 30
or :
x - 2 y + z = 3
We could now subtract the first equation from the third to obtain : 

20 x - 10 y - 10 z = 30
or :
2 x - y - z = 3
but this could also have been obtained by adding the other two ( new ) equations, so it is not independent and we have lost information. Instead, we’ll add all three of the original equations together to obtain :
111 x + 111 y + 111 z = 666
or :
x + y + z = 6
Subtracting this from x + y - 2 z = 0 gives
-3 z = 6 or z = 2 . 

Subtracting it from x - 2 y + z = 3 gives 

- 3 y = - 3 , or y = 1 . 

Substituting back gives 

x = 6 - 2 - 1 = 3 
